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Î ÍÅÊÎÒÎÐÛÕ ÃÐÓÏÏÎÂÛÕ ÑÂÎÉÑÒÂÀÕ
ÏÐÈÌÈÒÈÂÍÎ ÐÅÊÓÐÑÈÂÍÛÕ
ÏÅÐÅÑÒÀÍÎÂÎÊ
Ìû áóäåì ðàññìàòðèâàòü ãðóïïó C âñåõ âû÷èñëèìûõ ïåðå-
ñòàíîâîê íà ! è êëàññ P  C âñåõ ïðèìèòèâíî ðåêóðñèâíûõ
ïåðåñòàíîâîê. Ïóñòü hPi ýòî íàèìåíüøàÿ ïîäãðóïïà, ñîäåðæà-
ùàÿ P:
Äëÿ êàæäîãî n > 0 îïðåäåëèì ïîäêëàññû P+n è P n èç
ïîäãóïïû hPi ñëåäóþùèì îáðàçîì:
P+n = f1 12 3 . . .( 1)
n+1
n : 1; . . . ; n 2 Pg;
P n = f 11 2 13 . . .( 1)
n
n : 1; . . . ; n 2 Pg:
Äëÿ ëþáîãî n > 1 P+n åñòü êëàññ âñåõ ñóïåðïîçèöèé äëè-
íû, íå áîëüøåé n ïåðåñòàíîâîê, ïðèíàäëåæàùèõ P+1 [P 1 , èç
êîòîðûõ çàïèñàííàÿ ñëåâà ïðèíàäëåæèò P+1 .
ßñíî, ÷òî P = P+1 , P+n [ P n  P+n+1 \ P n+1 äëÿ âñåõ n .
Òàêæå âûïîëíåíû ñëåäóþùèå ðàâåíñòâà:
äëÿ íå÷¼òíûõ n : fp 1j p 2 P+n g = P n & fp 1j p 2 P n g =
= P+n
äëÿ ÷¼òíûõ n : fp 1j p 2 P+n g = P+n & fp 1j p 2 P n g = P n
Ãðàôèêîì ïåðåñòàíîâêè p áóäåì íàçûâàòü ñëåäóþùåå ìíî-
æåñòâî:
graph p = fhx; yi : y = p(x)g:
Çàäà÷à, êîòîðóþ â [2] ðàññìîòðåë Â. Â. Êîçüìèíûõ, ñîñòîÿ-
ëà â òîì, ÷òîáû ïðîâåðèòü óñëîâèå (P+k+1\P k+1)=(P+k [P k ) 6= ;
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äëÿ ëþáîãî k = 1; 5 , ò. å. óñòàíîâèòü, ñóùåñòâóåò ëè ïðèìèòèâ-
íî ðåêóðñèâíàÿ ïåðåñòàíîâêà q 2 (P+k+1 \ P k+1)=(P+k [ P k ) .
Äëÿ ðåøåíèÿ ýòîé çàäà÷è Â. Â. Êîçüìèíûõ äëÿ êàæäîãî êëàñ-
ñà P+k è P k ïîñòðîèë ñâîé êðèòåðèé ïðèíàäëåæíîñòè ê íåìó
ïðèìèòèâíî ðåêóðñèâíûõ ïåðåñòàíîâîê.
Ìû, â ñâîþ î÷åðåäü, õîòèì óñèëèòü ýòîò ðåçóëüòàò è ïî-
ñòðîèòü âû÷èñëèìóþ ïåðåñòàíîâêó q ñ óñëîâèåì q2 = e . Òîãäà
íàøà çàäà÷à ðàçáèâàåòñÿ íà äâà ñëó÷àÿ:
1) Ïðè k = 2n äîñòàòî÷íî ïîñòðîèòü âû÷èñëèìóþ ïåðåñòà-
íîâêó q òàêóþ
'
÷òî, q 2 P+2n+1=(P+2n [ P 2n) äëÿ n = 1; 2 .
2) Ïðè k = 2n+1 íàäî ïîñòðîèòü âû÷èñëèìóþ ïåðåñòàíîâ-
êó q òàêóþ, ÷òî q 2 (P+2n+2 \ P 2n+2)=P+2n+1 äëÿ n = 0; 2 .
Ïîëó÷åííûå ðåçóëüòàòû äëÿ k = 1; 2 ìîæíî ñôîðìóëèðî-
âàòü â âèäå ñëåäóþùèõ äâóõ òåîðåì. (Ñëó÷àè k = 3; 5 èññëå-
äóþòñÿ â íàñòîÿùåå âðåìÿ).
Òåîðåìà 1. Ñóùåñòâóåò âû÷èñëèìàÿ ïåðåñòàíîâêà
q 2 (P+2 \ P 2 )=(P+1 [ P 1 ) òàêàÿ, ÷òî q2 = e:
Ëåììà 1. Ñóùåñòâóåò ïåðåñòàíîâêà p , òàêàÿ, ÷òî
graph p ÿâëÿåòñÿ ïðèìèòèâíî ðåêóðñèâíûì è p 6= i(x) , ãäå
figi2! ÿâëÿåòñÿ âû÷èñëèìîé íóìåðàöèåé âñåõ ïðèìèòèâíî
ðåêóðñèâíûõ ôóíêöèé.
Òåîðåìà 2. Ñóùåñòâóåò âû÷èñëèìàÿ ïåðåñòàíîâêà
q 2 (P+3 \ P 3 )=(P+2 [ P 2 ) òàêàÿ, ÷òî q2 = e:
Äëÿ äîêàçàòåëüñòâà ýòîé òåîðåìû èñïîëüçóþòñÿ ñëåäóþùèå
äâå ëåììû:
Ëåììà 2. Ñóùåñòâóåò âû÷èñëèìàÿ ïåðåñòàíîâêà p 2
2 P+2 =P 2 òàêàÿ, ÷òî p2 = e .
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Ëåììà 3. Ñóùåñòâóåò âû÷èñëèìàÿ ïåðåñòàíîâêà r 2
2 P 2 =P+2 òàêàÿ, ÷òî r2 = e .
È. Ø. Êàëèìóëëèí â ñâîåé ñòàòüå [1] ïîñòàâèë âîïðîñ: âîç-
ìîæíî ëè ïåðåíåñòè ðåçóëüòàòû, ïîëó÷åííûå â [2], íà ñëó÷àé
ïåðåñòàíîâîê, âû÷èñëèìûõ çà ïîëèíîìèàëüíîå âðåìÿ.
Â ïîëèíîìèàëüíîì ñëó÷àå äëÿ êàæäîãî n > 0 îïðåäåëèì
ïîäêëàññû Pol+n è Pol n ïåðåñòàíîâîê, âû÷èñëèìûõ çà ïîëè-
íîìèàëüíîå âðåìÿ ñëåäóþùèì îáðàçîì:
Pol+n = f1 12 3 . . .( 1)
n+1
n : 1; . . . ; n 2 Polg;
Pol n = f 11 2 13 . . .( 1)
n
n : 1; . . . ; n 2 Polg:
Â [1] áûëî äîêàçàíî, ÷òî äëÿ êàæäîé âû÷èñëèìîé ïåðåñòà-
íîâêè p ñóùåñòâóþò âû÷èñëèìûå çà ïîëèíîìèàëüíîå âðåìÿ ïå-
ðåñòàíîâêè i , ãäå 1 6 i 6 3 , òàêèå, ÷òî p = 1 12 3 11 2 11 .
Òàêæå â [1] áûëè íàéäåíû êðèòåðèè â ïîëèíîìèàëüíîì ñëó÷àå
äëÿ êëàññîâ Pol+2 è Pol 2 .
Íà äàííîì ýòàïå èññëåäîâàíèÿ ñòîèò ïðîáëåìà íàõîæäåíèÿ
êðèòåðèåâ ïðèíàäëåæíîñòè ïåðåñòàíîâîê, âû÷èñëèìûõ çà ïî-
ëèíîìèàëüíîå âðåìÿ, ê îñòàëüíûì êëàññàì Pol+k è Pol k èç
èåðàðõèè âû÷èñëèìûõ ïåðåñòàíîâîê. Òîãäà ñòàíåò âîçìîæíûì
ïîñòðîåíèå èåðàðõèè ãðóïï âû÷èñëèìûõ ïåðåñòàíîâîê â ïîëè-
íîìèàëüíîì ñëó÷àå.
Ðàáîòà âûïîëíåíà ïðè ôèíàíñîâîé ïîääåðæêå ÐÔÔÈ (ïðî-
åêòû  12-01-31389, 12-01-97008) è ãðàíòà Ïðåçèäåíòà Ðîñ-
ñèéñêîé Ôåäåðàöèè äëÿ ãîñóäàðñòâåííîé ïîääåðæêè ìîëîäûõ
ðîññèéñêèõ ó÷¼íûõ - äîêòîðîâ íàóê ÌÄ-4838.2013.1.
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Ðàññìàòðèâàåòñÿ ñìåøàííàÿ çàäà÷à äëÿ Â-ãèïåðáîëè÷åñêîãî
óðàâíåíèÿ ñ èíòåãðàëüíûì óñëîâèåì âòîðîãî ðîäà è äîêàçûâà-
åòñÿ åäèíñòâåííîñòü åå ðåøåíèÿ.
Ïóñòü D = f(x; t)j0 < x < l; 0 < t < Tg  ïðÿìîóãîëüíàÿ îá-
ëàñòü â êîîðäèíàòíîé ïëîñêîñòè Oxt .
Â îáëàñòè D ðàññìîòðèì B -ãèïåðáîëè÷åñêîå óðàâíåíèå
Bu =
@2u
@t2
 Bxu = 0; (1)
ãäå Bx = x
 k @
@x(x
k @
@x) =
@2
@x2
+ kx
@
@x  îïåðàòîð Áåññåëÿ.
